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1. Introduction

Rare K decays, directly sensitive to short-distance FCNC processes, offer an invaluable
window into the physics at play at high-energy scales. Besides the two K — wvi golden
modes, the decays K; — mleTe™ and K — 7°ut ™ also exhibit good sensitivities, thanks
to the theoretical control achieved over their long-distance components [[]-[f]. Importantly,
these modes are sensitive to different combinations of short-distance FCNC currents, and
thus allow in principle to discriminate among possible New Physics scenarios.

In this respect, the pair of K7 — 7%¢*¢~ decays is unique since, though their dynamics
is similar, the very different lepton masses allow to probe helicity-suppressed effects in a
particularly clean way. Only the K, — £t¢~ modes share this characteristic, but the dom-
inance of the long-distance two-photon contribution unfortunately prevents from acceding
to the short-distance physics with a good degree of precision [f[l. On the contrary, the cor-
responding two-photon contribution to K — 7% ¢~ is under control. It represents only
30% of the total rate for the muonic mode, and is negligible for the electronic one [f, ff.

The main purpose of the paper is to illustrate how this fact can be used to constrain
or identify the nature of possible New Physics effects. More precisely, our goals are:



1. To analyze the impacts arising from all possible AS = 1 four-fermion operators in a
model-independent way, i.e. operators of the form (30'd)(¢I'¢), T = 1,5, v, Y5, o"¥,
and to show how combined measurements of K; — 7%¢*¢~ can disentangle them.
An important distinction is made between helicity-suppressed operators, like the I' =
1,75 ones arising for example in the MSSM at large tan 3 [f], [f], and helicity-allowed
operators like in SUSY without R parity [ or from leptoquark interactions [f].
Also, the electromagnetic tensor operator 5o, dF*” will be briefly considered [}, [].
Finally, constraints from K — ¢*¢~ (for scalar/pseudoscalar operators) and K —

v (for helicity-allowed tensor/pseudotensor interactions) will be analyzed.

2. To improve the control over the long-distance two-photon contribution. Indeed, this is
needed to estimate interference effects with New Physics short-distance contributions.
In addition, once achieved, the K — 7n°u*p~ forward-backward (or lepton energy)
CP-asymmetry [[1], [J will be computed reliably for the first time, both in the
Standard Model and beyond, and will prove to be an interesting complementary
source of information on the New Physics at play.

The paper is organized as follows. In section B, we present the ingredients needed to
deal with the long-distance dominated contributions, and, in the spirit of ref. [B], analyze
the possible signals of New Physics in the vector or axial-vector operators. Then, in
section [, we analyze all other operators, both in the helicity-suppressed and helicity-
allowed cases. The corresponding analysis of K7, g — ¢T¢~ is in appendix. Finally, our

results are summarized in the Conclusion.

2. K; — 7%*¢~ with standard short-distance operators

The K; — 7%1¢~ decays receive essentially three types of contributions, depicted in
figure fl.

A first class of effects, purely sensitive to short-distance physics, results from heavy
particle FCNC loops (the W and Z bosons and the ¢ and ¢ quarks in the SM, see figure ),
and can be parametrized by a set of local effective operators. In the SM, the leading relevant
effective Hamiltonian induced by these effects reads [[J:

VA Gra

eff — \/5

with o = o (My) and A\, = VisVqa. Of course, in the presence of New Physics, other types

At [y7v (57,d) (Z’y“ﬁ) + yra (57,d) (@7“756)] + h.c., (2.1)

of effective interactions could be produced. This will be the subject of section JJ. For now,
we will assume that New Physics affects only the values of the coefficients y74 7y, and leave
them as free parameters [f].

Beyond SM scenarios leading to such modifications of the vector and axial-vector
couplings are numerous. Examples are the MSSM for moderate values of tan 3 (see e.g.
ref. [[[4], and references therein), for large tan 3 (from charged Higgs penguins, see e.g.
ref. [[§]), or the Enhanced Electroweak Penguins of refs. [, [7]. Of course, in specific
models, New Physics also affects operators with different flavor quantum numbers. We
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Figure 1: (a) Short-distance penguin and box diagrams for the initial conditions of y74 7y in the
SM. (b) K° — K° mixing-induced contribution, with a long-distance dominated, CP-conserving
effective Kg — mv* vertex. (c) Long-distance two-photon induced CP-conserving contributions.

have opted here for a decoupled, model-independent analysis, considering thus only the
operators relevant for Kj — w0¢0t¢—.

Also, the four-quark operators @1, ¢ have not been explicitly included in eq. (R.]).
This is because their impact on the direct CP-violating (DCPV) contribution to Kj —
7000~ associated to the local effective Hamiltonian HZﬂLA in standard terminology, can be
safely neglected in the SM [[[3, Pf]. New Physics cannot change this picture as new sources
of CP-violation from @)1, ¢ are bounded from purely hadronic K decay observables.

A second class of contributions, dominated by long-distance dynamics, is driven by the
coupling of leptons to photons, via K — K° mixing (figure b) or via a two photon loop
(figure flc). Let us now analyze these in more detail.

2.1 Long-distance dominated contributions

The remarkable point with the contributions depicted in figures b and [lk is that they
can be entirely determined from experimental data. Their estimation is thus not affected
by possible New Physics effects. As they remain as an unavoidable background to the
interesting short-distance contributions, we briefly recall (and partly improve, in the case
of two-photon amplitudes) the way they are dealt with.

The indirect CP-violating contribution (ICPV, figure fib) originates from K% — K°
mixing. The subsequent CP-conserving Kg — 7°¢*¢~ decay is dominated by the long-
distance process Kg — 7° (y* — £+£7), producing the lepton pair in a 1~~ state. The
corresponding amplitude reads:

Graenm

Micpy = e M (K1 — 7T0€+f7) = —¢ i

Ws (2) (P + K)" {tpyuvp } (2.2)

where P, K,p and p’ denote the momenta of the K, 7,¢~ and ¢T states, respectively, z =
TQ/MIQ(0 with T'=p + p’ and ey, &~ 1/137. The Wy function has been analyzed in detail



in Chiral Perturbation Theory (ChPT) in ref. [[[, and can be parametrized as follows:
Ws (2) = ag + bgz + WE™ (2) + WEE (2) . (2.3)

The pion and kaon loops (W™, WSK K ) were found small and, to a good approximation, a
single (real) counterterm dominates: Wg (2) ~ ag. This counterterm can then be extracted
from the experimental Kg — 7w'ete” and Kg — 7'uTu~ branching fractions: |ag| =
1.2040.20 [L§]. Eq. (2.2) is thus indeed entirely determined in terms of measured quantities

(lasl, €)-

The two-photon CP-conserving contribution (figure flc), K — 7% (y*y* — £+47),
produces the lepton pair in either a phase-space suppressed tensor state 27 or a helicity-
suppressed scalar state 07 . The former is found negligible from experimental constraints
on K; — n° (77)9++ [P, while for the latter the amplitude reads:

Gga?

em T —
o2 MK;]:@ (Z) {upvp/} s (2.4)

M’Y’Y =

with 7y = my/My and |Gg| = 9.1- 10712 MeV 2. It is dominated by the two-loop process
K — 7 (PTP™ — v*y* = (T07) 4+ with P = 7, K, computed in ChPT, and closely
related to Kg — ntm~ — o*y* — £t/~. With the parametrization M (KL — 7TOP+P_) ~
a?’ (2) for the momentum distribution entering the subprocess P* P~ — y*~* — (T{~ the

two-loop form-factor F; (z) can be expressed as (rr = M, /M)

2 .2 2
1

A=l ()7 (2]~ (7 (.7 | (25)
z z
with Z (a,b) given in refs. [[[9, f] (for practical purposes, a numerical representation is given
in appendix [B).

A reliable estimation of T’ (K L — 71'0€+€_)W can then be obtained from the measured
Kj, — 7%y rate [R(] thanks to the stability of the ratio

I (Kp — n00+0)

R p—
i I'(Kp, — %)

o (2.6)

with respect to changes in af’ (2) Bl. Note that some O (p6) ChPT effects are thus included
in the estimated I" (K L — 7r0€+€_)w, most notably those responsible for the large observed
K1, — 7%y rate compared to the O (p4) ChPT prediction.

However, theoretical control over R, only is not sufficient to deal with New Physics
interactions that produce the lepton pair in a 07 state (generating interference effects)
or compute forward-backward asymmetries. For this, we need to control M., too. To fill
this gap, the key is to use the similarity of behavior of the Kj — 7%yv and K — 7%*¢~
spectra at the origin of the stability of R,,. First consider the fact that the K — 70yy
normalized spectrum is rather well-described with the parametrizations

O (p") ChPT : af (2)cppr = 2 — 12 (2.7a)

il

Kj, — 77t~ Dalitz : a] (2)pay, = —0.46 + 2.442 — 0.9522 (2.7b)
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7 in both cases. For af (2)p.;,, only the z-dependent part

and aff (z2) = 2z -1 -7
of the K; — w077~ effective vertex is kept. Now, to account for the rescaling of
B(Ky— 7T0f+f—),w by B (K1 — 7%7)“", we rescale af (2)cypr — 1.45a] (2)cppr and
al’ (2)patit, — 1-36at (2)papie,s Such that the rate computed from eq. (R.4) is kept frozen.
Clearly, the theoretical control on the resulting K — 7¢T¢~ differential rate is not as
good as on the total rate, but is nevertheless satisfactory. In practice, the error inherent to
the procedure can be probed by comparing the predictions obtained using either a7 (2)cppr
or af (2)paiits-

Finally, as far as the sign of M., is concerned, we checked that eq. (R.4)) is consistent
with the conventions used in the rest of the paper for hadronic matrix elements. Further-
more, under the reasonable assumption that the sign of Gg as fixed by the factorization
approximation is not changed by the non-perturbative evolution down to Mg (see for

example ref. [R1])), our conventions correspond to Gg < 0.

2.2 Vector and axial-vector short-distance contributions

Let us now consider the DCPV piece induced by the vector and axial-vector operators of
eq. (B):

MV,A = <7['0€+£_‘ — HZ&A‘KL> = iGFOé<7TO’§’de‘KO> {ﬁp'y“(lm(/\ty7v) + Im(/\tym)fyg,)vp/}

(2.8)
(the sizeable c-quark contribution, known at NLO [[L3], is understood in y7y), with the
matrix element

(x" (K) |s7"d| K" <P>>:%<<P+K>“ E @+ (P-KP (), (29)
—7‘2 0.0 0.0
= T (O ) - £ )

K070
PR (2) =

The slopes are extracted from K3 decays [PJ, B9, neglecting isospin breaking:

0

for (2) = ;57 (2) = L(), Ao = 0.18, AL = 0.32, (2.10)
’ ’ 1-— )\0’_}_2’

in the pole parametrization. Accounting for isospin breaking in 7% — 7 mixing for the value

at zero momentum transfer [24], one gets:

£ (0) = (1.0231) L K7 (0) ~ 0.939 (2.11)

with the Leutwyler-Ross prediction ffo7T+ (0) = 0.961 (8) [R], confirmed by lattice stud-
ies [R6]. This quite precise value, together with the knowledge of the form-factor slopes, ren-
ders the theoretical prediction of the vector and axial-vector contributions to K — w0¢t¢~
remarkably clean.

Inserting eq. (B-9) in My a, the vector current is seen to produce the lepton pair
in a vector state 17—, while the axial-vector part produces it in an axial-vector 1% or
pseudoscalar 0~ state. This latter component is helicity suppressed, and enters thus
only the muon mode. Besides, the vector current and ICPV amplitudes produce the same
final state, they thus interfere in the rate. Recent theoretical analyses point towards a

constructive interference, i.e., ag < 0 [B, B7.
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Figure 2: Behavior of B (KL — W0u+,u_) against B (KL — 71'06+6_), in units of 10711, as Y7A,7V
are rescaled by a common factor (dots), or allowed to take arbitrary values (red sector). The ellipses
denote 25, 50, 75% confidence regions in the SM, assuming constructive DCPV — ICPYV interference
(destructive interference is around the —1 dot), or for ref. [[[7], in which y74 ~ —3.2 and y7y = 0.9.

Total rates. Altogether, the branching ratios are predicted to be

BUA = (Chi & Cl las| + Clyelasl® + €4, ) 10712, (2.12)
C§, = (4.62£0.24) (w2, +w?,), Ch = (1.09+0.05) (v}, +2.32w,),
oy = (11.3 £ 0.3) wry, CF, = (2.63 £ 0.06) wry,
€ = 14.5£0.5, CE. = 3.36 £0.20,
¢ =0, Ch, =52+ 1.6,

with w74 7v = Im (Myra7v) /Im Ae. In the Standard Model, the coefficients y74 7y are

real [[L]:
yra (M) = —0.68 +0.03, yrv (u~ 1 GeV) = 0.73 +0.04 , (2.13)

and, with Im \; = (1.407 +0.098) - 10~* [R§], one gets

B = 354709 (1.561092) . 1071, BY = 1417028 (0.957022) 10711, (2.14)

for constructive (destructive) interference. The present experimental bounds are one order
of magnitude above these predictions:

Bes < 281071, BL <38-107UBT) . (2.15)

The differential rate for the electronic mode is trivial (no CPC piece), while for the muonic
mode it can be found in ref. [f].

The Standard Model confidence region on the BeteTBrtHT plane is shown in figure
As discussed in ref. [[], this plane is particularly well-suited to search for New Physics
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Figure 3: Left: A%, (in %) as a function of z, in the SM. Right: Integrated A%y (in %) as
a function of wry, with wra fixed at its SM value. Red (blue) lines correspond to constructive
(destructive) interference between ICPV and vector current contributions, while plain (dashed)
lines correspond to af (2)p.p, (@1 (2)cppr), TesSpectively.

signal, and identify its specific nature. Indeed, the fact that helicity suppression is rather
inefficient for the muonic mode introduces a genuine difference of sensitivity to the short-
distance V,A currents, i.e. to y74,7v, for the two K — 79010~ modes. These two types of
contributions can thus be disentangled by measuring both rates. Suffices to note that the
coefficients approximately obey C!/C¢ ~ 0.23, i = dir,int, miz, which is simply the phase-
space suppression, except for the enhanced y74 contribution to C(’fir, which comes from the
production of helicity-suppressed pseudoscalar 0~F states. Without this, no matter the
New Physics contributions to y74,7v, the rates would always fall on a trivial straight line.
Thanks to this effect, on the contrary, for arbitrary values of y74, 7y, the two modes can lie
anywhere inside the red sector in figure P| for the C’f at their central values. Accounting
for theoretical errors at 1o, this area is mathematically expressed as

0.1-107" +0.24B5 5 < B 1 <0610 + 058855 . (2.16)

For definiteness, we have also indicated the curve corresponding to a common rescaling
of y74 and y7y from New Physics, and drawn the confidence region for the enhanced
electroweak penguins of ref. [[[7], to illustrate the opposite situation in which y74 = —3.2 is
strongly enhanced, while y7y = 0.9 stays roughly the same as in the SM. Finally, note that
the extent of the confidence regions essentially reflects the uncertainty on ag (whose effect
is included in the bounds eq. (P.16))), and could be reduced by more precise measurements
of the Kg — 7%/~ branching fractions.

Forward-backward asymmetry: The differential forward-backward asymmetry [[1}

[[J] is defined by
O &1
Lt [
dydz —yo dydz

Yo d2 F 0 d2 T )
v [
dydz —yo dydz

(2.17)




with P y )
pP—p

— £/ = —B0x , 2.18
y VI W 500 (2.18)
and 87 = 1—4r7 /2, 2 = X (1,72,2), A(a,b,c) = a®+b*+c*—2 (ab+ bc + ac) . The variable
y is related to the angle between the K and ¢~ momenta in the dilepton rest-frame (hence
the name forward-backward), and also, by definition, to the energy difference E,- — Fy+

in the K rest-frame (one then speaks of lepton energy asymmetry).
This observable requires CP-violation, and arises from the Re[M]__ (Mg++ + Mai+)]
interference term. Let us start by assuming that Mo++ is negligible, as for the total rates.

Then:

¢ z ¢ z
Mg () = T Re (W5 () A () + 2 In Q) e () . (249

with Afz (z) some combinations of constants and form-factors. The electronic asymmetry
A% 5 (%) is negligible in this case since F, (z) is helicity suppressed, while for the muon
it is shown in figure Bl in the case of the Standard Model. Note that the theoretical
control gained over this quantity would be difficult to improve since it relies on the specific
parametrization of M,,. In addition, the experimental sensitivity required to measure
A% 5 (2) is unlikely to be achieved soon. We will therefore not consider A% 5 (2) anymore,
but rather concentrate on the integrated asymmetry:

(1—rz)? Yo 42T 0 27
foo (= [ )
¢ 42 o dydz —yo dydz N (E;~ > Ep) — N (Ep- < Epv)

FB= = (1 7,)2 vo g21 0 d’r N (Ey- > Ep+) + N (Ep- <Ep+)
/ dz (/ dy —|—/ dy)
472 o dydz o dydz

) (2.20)

Compared to A% (z), it is more stable:
Al = (L3 (1) wyy £ 1.7(2) |as) - 10712 /BE 1 (2.21)

In the Standard Model, A% 5 = (20 £ 4) % for constructive and (—12 + 4) % for destructive
interference, with the error coming from varying a7 (z) between O (p4) ChPT and Dalitz
accounting for £2%.

For general axial currents, it is clear that A%, decreases when wrs increases since
it does not contribute to the interference eq. (R.19). For wry, the interference is linear
while the rate is quadratic, and thus |A% 5| reaches a maximum, around 23% for wra at
its SM value, before decreasing again, see figure Bl The absolute maximum for A%, is
around +25% for w74 ~ 0 and wyy ~ +1 or +4, depending on the direct - indirect CPV
interference sign.

In the SM, even if A% is polluted by the theoretical error on the two-photon amplitude,
its measurement could fix the sign of ag. As can be seen in figure ], this remains true if
New Physics is found from the measurements of K — 7%*¢~ total rates with |wry| < 2.

Let us now consider the interference term Re[M7__May++]. The amplitude Mo+ is
discussed in detail in ref. [f. It leads to a helicity-allowed, but phase-space suppressed



contribution to A%B, hence contributes mostly for the electronic mode. Unfortunately,
the theoretical control on the My++ amplitude is not good as it depends on unknown
phenomenological parameters. Though sufficient for deriving, from Kj — 7%y, a tight
upper bound on the 27 contribution to C%, in eq. (212 [}, A%y remains largely un-
constrained. Indeed, both Mj__ and Msy++ contribute mostly at low z, and their sizeable
interference can generate A5 5 anywhere between 0% and about £60% [[L1], depending on
the phenomenological parameters of ref. [J.

Concerning A% 5, the situation is better. The impact of My++ corresponds to an addi-
tional £3% uncertainty, and therefore does not affect the potential of A% in determining
the sign of ag.

3. K; — m%*¢~ with generic new physics operators

In addition to the modification of vector and axial-vector couplings considered in the pre-
vious section, new four-fermion effective interactions could be generated by the integration
of New Physics heavy degrees of freedom. The effective Hamiltonian comprising all the
possible dimension-six semi-leptonic four-fermion structures [B1] relevant for K — 704+ ¢~
(as well as quark bilinear electromagnetic couplings) reads

Mo = Hog + Higo +HG" + HEMO | (3.1)
with H;’EA given in eq. (R.1) and

2 12
PS GH My, mgmy

R = — 3 M2, lyp (5d) (PvsC) + ys (5d) (€0)] + h.c. (3.2)
G2 M2, mgm _ B
HET = G T (o (s ((71) + vy (o) ()] +he. (39
W
G e
HE&V[O = TISMK féi_z [y$ (S‘O'M,/ (1 + 75) d) F'LW] + h.c. . (34)

A low scale (u < m,) is understood for the evaluation of the Wilson coefficients, quark
masses and matrix elements of the operators in the above equation. Dimension-eight
operators, containing two powers of the external momenta, are not considered as they are
very small in the SM and are expected to remain so in the presence of New Physics (see
discussion in [BJ)).

Our goal is to analyze the impact of these new operators on the K — 7%¢+¢~ branch-
ing fractions and asymmetries in a model-independent way. Still, some comments on

specific scenarios behind the various operators are in order:

1. For the scalar and pseudoscalar operators Qg = (5d) (176) and Qp = (5d) (17756), we
have explicitly included the mgmy /MI%V helicity suppression factor to give a realistic
description of models where these operators are generated from an extended Higgs
sector. For example, large yp g can arise in the MSSM with large tan 3 (see e.g. B,
f]) and sizeable trilinear soft-breaking couplings. This kind of scenarios has been

analyzed in many works, but usually focuses on other decay modes. See e.g. refs. [B3]
BJ] for a MSSM analysis with emphasis on the K, B — £T¢~ decays.



2. The tensor and pseudotensor operators Qr = (50,,d)({o""{) and Q7 = (50,,d) X
(botvysl) = ietP? (50,,d) (Lo peysl), to our knowledge, have not been included in
studies of Kj — 790t ¢~ so far. These modes are however the most promising source
of information on @Q; 4+, since these cannot contribute to K — ¢*¢~. Though they
do not arise in the éM, they do in the MSSM but, in addition to being helicity
suppressed, they are usually suppressed by loop factors [B2]. Similar operators have
been considered in AF' = 2 processes (see e.g. refs. [B4] BY]) and for the B — X/¢1¢~
rate and asymmetries (see e.g. ref. [B0]).

3. For completeness, we have included the dimension-five electromagnetic tensor oper-
ators fo = (80, (1 & v5) d) F**. These were considered for example in refs. [f|, [0].
Since the 0,75 part does not contribute to K; — 7000~ only Yy = yj/‘ +yy s
accessible here. Note that in principle these operators already arise in the Standard
Model, however they are too small to affect K7 — 7% ¢~. In the MSSM, they are
correlated with the chromomagnetic tensor operators and thus strongly constrained
by other observables [f], [[0].

4. In the last section, we consider the general framework in which neither Qs p nor Q. 7
are helicity-suppressed, i.e. we remove the mgm,/M2, factors in egs. (B.9), (B-3). A
large class of models with such helicity-allowed FCNC operators are theories with
leptoquark interactions (for a review, see [§]), among which specific GUT models.
Alternatively, SUSY without R-parity can also induce helicity-allowed Qg p interac-
tions through tree-level sneutrino exchanges (see e.g. [[).

The distinction between helicity-suppressed and helicity-allowed scenarios is necessary
as the corresponding signatures, i.e. impacts on K — n%te™ and K; — 70utp~, will
obviously be very different. Let us now analyze these impacts systematically.

3.1 Scalar and pseudoscalar operators
The relevant matrix element reads
M2 — M2

795 Oy = K —Tm
(SR =~

fo(2) (3.5)
in the sign convention of eq. (P.9). This matrix element is enhanced compared to its vector
counterpart due to the large value of the quark condensate (i.e., the large ratio of meson
masses over quark masses).

The scalar (pseudoscalar) operator produces the lepton pair in a CP-even 07 (CP-odd

0~) state, therefore it is the real (imaginary) part of its Wilson coefficient that contributes
to K; — w00t

GZME m , i

Mp = F7T2 W_Mf (Mg — M2) iIlmyp fo(2) {Gpy50p} (3.6)
W
GZME m

Mg = Fﬂ-?W—M; (M?(—Mﬁ) Reys fo(z) {upvy} - (3.7)
W

,10,



To reach these expressions, mg has been neglected against m in eq. (B.§). The pseudoscalar
current interferes with the helicity-suppressed pseudoscalar part of the axial-vector current,
while the scalar current interferes with the helicity-suppressed two-photon 0™ contribu-
tion. Since in addition Qg and Q) p are themselves helicity-suppressed, only the muon mode
can be affected by ygs p.

For the pseudoscalar operator, including also the V and A contributions, the differ-
ential rate reads:

ATy aep  GZM3?

2
(Tm Ar)* By (F’fm (F+ (2))° + Ao (fo (z)>2) SENCRY

dz  64m3
3 — ,62 7,,2 9
AL = U)?Aﬂ? + w%VTZ, Ap = f (w7A (1 - 7"72r) + zpp Im ?JP) )
with the prefactor
1 1 M3 — M?

- Im \¢ 27 sin? Ow MI%V

Imyp ~ O (10) is thus required to get O (1) effects. Numerically, the contributions to the
total rates, to be added to eq. (R.19), are

Bge = <1.9w7A Imyp + 0.038 (Imyp)Q) 10717, (3.10a)
BT = <0.26 wra Tmyp + 0.0085 (Imyp)2) 10712 (3.10b)

showing the very strong helicity suppression at play for the electron mode.

For the scalar operator, from eqs. (.4) and (B.7), one immediately gets for the total
0%+ contribution:

dly s G§M15<0‘4 3 7“? 9
- Bl - 11
dz o7 Prbi 1 Fe(2) —psReys 2 fo ()", (3.11)

with the suppression factor

2 Gr M3 — M?
pg = — .‘{” KT~ 043 (3.12)
sin® 0w ag,,Gs My,

Since Fy, (2) ~ O (1), the helicity suppression M;? turns out to be nearly compensated.
Performing the z integral, we find

BS' ¢ = (1.5(3) Reys + 0.0039 (Reyg)?) - 10716 | (3.13a)
BETHT = (0.04 (1) Reys + 0.0041 (Reyg)?) - 1072 . (3.13b)

The error on the interference term is estimated by varying the distribution a7 (2) between
@) (p4) ChPT and Dalitz (giving respectively 0.034 and 0.053 for the muonic mode).
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Enhancement Enhancement Maximal Bound from  Experimental

of 50% of 100% suppression Ky — ptu~ bound (eq. (R.15))
Imyp  —20,40 -30,50 7% for Imyp ~ 10 |[Imyp| <8  |Imyp| < 220
Reys  —45,35 —65, 55 1% for Reys ~ —5 |Reys| <50  |Reys| < 300

Table 1: Numerical analysis of scalar and pseudoscalar operator impacts on BrR.

Total rates: The Qg and Qp operators do not affect the electronic mode due to their
strong helicity suppression. For the muonic mode, combining eqs. (B.10), (B.13) with
eq. (2.19) and fixing w7 71 at their SM values eq. (R.1J), the impacts on the total rate are
summarized in the first three columns of table [I]

A well-motivated scenario in which Re yg and Im yp can be large is the MSSM for large
values of tan 3 [, . In that context, the contributions of Qg p are related to those of
"> = (575d) (£v5¢) and Qs = (5v5d)(€0): ys,p = Ypg> With yp and yg further correlated.
The contributions of Q5 to K1, — pt ™ were analyzed for example in ref. B3], with the
result that values of a few tens for y:q p are compatible with AS = 2 and B-physics data’.
Without restricting ourselves to the MSSM, we can investigate the constraints on ys p
derived from the experimental K; — putpu~ rate under the assumption that ygp = yﬁD’ g
approximately holds. This analysis is presented in appendix ], leading to |Im ysl <8
and |Reyp| < 35 for y4, = yra = —0.68 (for the Q%, = (57,75d) (€4"75¢) operator).
Allowing for New Physics in the axial-vector current with the bound |y% 4| < 3 corresponds
to |[Reys| S 70, a much larger range since these two contributions interfere in the rate.

Our numerical analysis can be summarized drawing the allowed regions on the B efem_
BrH” plane (figure ). Compared to the region spanned for general values of YTATV
(figure P)), turning on yg p basically extends the vertical spread since only the muon mode is
affected, and this mostly in the upward direction (i.e., enhancements). This is illustrated in
figure [ by the light-blue/dark-blue region, corresponding to |Reys| < 90 / |Imyp| < 35,
respectively. Imposing further the constraints from Kj; — p*pu~ under the assumption
Y7A,5,P = Yy APps 8ives the yellow region. Obviously, the sensitivity of K — 7%uTu~ to
Qs p is quite good.

It should also be noted that Qg p contribute mostly for large z. While, as explained
in ref. [{], introducing a cut off at z ~ 47“% can reduce the contribution of the two-photon
amplitude with respect to the Q74 7v ones, thereby reducing the theoretical error, such a
procedure would also reduce the sensitivity to Im yp and Reyg significantly, and may thus
not be desirable.

! Assuming a degenerate SUSY spectrum My ~ |p| ~ Ma ~ Mjg, the gluino contributions to ys,p scale
as [

Ys.p ~ (MgV/Mi) tan® 8 (1 + 0.01 tan Bsign p) 2 ((5EL) +18 (6}?}2) (5LDL) ) .
12 13 32
With tan 3 ~ 50, p > 0 (as favored from the muon g — 2) and M4 in the range 300 — 500 GeV [E], one gets

ys,p ~ O (15) with the single mass-insertion (5£)L(RR))12 ~ 1072 (compatible with £ constraints [@]) and
ys,p ~ O (30) with the double one (51%%)13 (5EL)32 ~ 1073 (constrained by AM; 4 [H])
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Figure 4: Left: Impacts of scalar and pseudoscalar operators in the Be'e —prtnT plane of figure E
Light blue (dark blue) corresponds to arbitrary y74,7v together with Reys < 90 (Imyp < 35), resp.,
while the yellow region corresponds to y7v,74.s,p arbitrary but compatible with B (K — u u‘)eXp
(see text). The dashed, light-blue line indicates the lower extent of the corresponding region. Right:
The asymmetry A% 5 as a function of wry and Reyg, assuming constructive interference (ag < 0),
y74 = —0.68 and Imyp = 0.

Forward-backward asymmetry: Reyg enters the numerator of A% 5 through the in-
terference term Mj-py Ms only:

- -
Al = (13 (1) wry + 1.7(2) las| F 0.057|as| Reys) - 1072 /By {'gp - (3.14)

There is no interference between Mg and My because of their 90° relative phase. For this
reason, Al goes to zero when y7y and/or Reyg becomes large, and reaches its maximum
for moderate values, as shown in figure [l] for y74 = —0.68 and Imyp = 0. If these
latter two values are enhanced, since they contribute only to B{‘,ﬁf’ ép, Al decreases,
i.e. the figure remains the same but the absolute size of A‘}B is reduced. Finally, the
figure for destructive interference is readily obtained by performing a vertical axis reflexion
(w7y — —wry) followed by an overall sign change for A’} B

No matter the New Physics behind y74 7v.s,p, |A%g| is always smaller than 30%, i.e.,
not very far from its SM value eq. (R2I]). Given the theoretical errors, A%, does not
appear very promising to get a clear signal of New Physics. Nevertheless, as said before, it
offers a very interesting possibility of constraining the relative signs of Reygs, y7v and ag
when considered in conjunction with the K — 7%¢*¢~ total rates.

3.2 Tensor and pseudo-tensor operators

Let us now turn to the tensor operators of egs. (B.3) and (B.4)). The relevant matrix element
assumes the form

(n? (K) [50""d| K° (P)) = iPuK\;i;\;ZVKu Br (2), (3.15)

~13 -



with (7%50#"y5d|K°) obtained through o"’v5 = ie#*°g,,. The tensor form-factor was
studied on the lattice [B7], with the result By (2) ~ 1.2f4 (0) /(1 —0.292) at p =~ m, in the
M S scheme (an earlier order-of-magnitude estimate may be found in ref. [B§]).

The electromagnetic tensor operator produces the lepton pair in a 17~ state and
the transition is CP-violating;:

GraQq
V2 2
Let us take Ay = Ay, which is good enough for our purpose, and can be justified in
a pole model through the fact that z < M%V /MIQ( with M7y the nearest vector and
tensor resonances. The effect of fo can then be absorbed into the vector-current Wilson

Mgmo =1 Imy,Br (2 {up Puy } . (3.16)

coefficient wry [0

I B
wry — Why, = wry + my,de 7 (0) (3.17)

Im A 47 f1(0)

The above redefinition is independent of the lepton flavor, hence the K — 7%*¢~ modes

cannot disentangle possible New Physics effects arising from fo from those arising in the
vector current electroweak penguins and boxes. Such New Physics effects were analyzed in
section [, see figure f.

The tensor operator also induces a CP-violating contribution:

Gre _ P-(p—1p')
Mr = \/— Br (2) repr Imyr {up <27“g P — )W (3.18)
where we have defined
1 2 msMp 1
pr = (3.19)

Im \; 7 sin? Oy 1\42 ~ 4
for ms =~ 150 MeV. As for the magnetic operator, the P part can be absorbed into wzy,
but now the m; dependence introduces an effective breaking of p — e universality in the

Br (0)

f+(0)
The second term in eq. (B.18) is also CP-violating because P - (p — p’) = yM% is CP-odd.
It produces the lepton pair again in a 17~ state and can thus interfere with both the

vector current:

wry — wgv = w7y + prIm yTrl% (3.20)

ICPV and vector operator contributions, producing an extra contribution to the A, factor
defined in eq. (B.§):

2BT()

(Ay)p =17 > (prImyr)® Zﬁg 73]

fr(2)° 8

Br (Z) ¢ Qe Im (5WS ( )) >

[+ (2) pr lmyr <w7v ; V8mafy (2)Im N
(3.21)

In the muonic case, the overall ﬁz factor for the first term, corresponding to an orbital
angular momentum of two between the muons (y counts as one unit of angular momentum),
makes this contribution significantly phase-space suppressed compared to the one shifting

wrv, eq. (B.2(). Numerically,
BS e = ((10*5 +0.08) (Imyr)* + ((29 + 15) wry + (36 4 18) Jag|) Im yT) 10719
(3.22a)
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BT = ((0.25 4 0.02) (Imyr)* + (20 + 4) wry £ (36 +5) las|) Tmyr ) - 10717, (3.22b)

where the first numbers in each parenthesis come from eq. (B.20), the second from eq. (B.21)),
and the + sign corresponds to ag = F|ag]|.

The pseudotensor operator produces the lepton pair in a 17~ state, and is thus CP-
conserving

Gra
My = —% Im A\ Br (2) repr Re y

As none of the other CP-conserving contributions produces such a final state, it represents

%};p/) {Tyy500 ) - (3.23)

a distinct contribution to the rate:
B 2 75 2
dl's _ G5 My«
dz 307273

(Im \)2 336212 (pr Reys)? (Br (2))% 2 . (3.24)

Numerically, this contribution is phase-space suppressed and very small:

BEe =7.9(Reyz)” 1072, (3.25a)
B =49 (Reyz)® - 10717 (3.25D)

Total rate and forward-backward asymmetry: Overall, the effects of the Q). 7 op-
erators are smaller than those of Qp s because of the smaller matrix elements ar17d the
phase-space suppression. In addition, y, 7+ < ys p in realistic scenarios, and tensor opera-
tors seem beyond reach. The only exceptiion is the effective breaking of p — e universality
in the vector current induced by Im yp, which slightly extends downwards the "V, A only”
region of figure fl when [Imyz| > 25.

For A% 5, Imyp enters through interference with Im F), (2) (not with Re yg since they
are out of phase by 90°):
Al = (1.3 (1) wry £ 1.7(2) las| F 0.057 |ag| Reys + 0.033 (4) Im yr) - 10712 /B@:,;pm,f'

(3.26)

Q7 does not contribute directly to Al as it leads to a real amplitude, out of phase from
the Q74 one by 90°. Therefore, assuming Imyr < Reys, no impact can arise for A% 5.
Similarly, the electronic asymmetry is not affected, even taking into account interferences
with the Mq++ piece.

3.3 Helicity-allowed effective interactions

We now lift the constraint of helicity suppression in egs. (B.2]) and (B.3]), symbolically as:

G%MI%V MMMy gfvp -
, — =, 1=8,P,T,T. (3.27)
w2 MZ ' A2

More precisely, all former expressions remain valid provided one makes the substitutions:

Reyg 7. Imypr — 3212 x (= 83/R2 , (3.28)
—_— 2

2 V2 2 4 /X2
ZH e 1 £
g]\QLP % {2)[7 % w {f e ]. 7 ].O /AZ
g A; MMy
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where the normalization A; = (A;/100 TeV) corresponds to typical lower bounds obtained
from lepton-number violating processes (see e.g. [BY]), and we have assumed gyp/g* ~

O (1). Plugging these expressions in eqs. (B.10), (B-13), (B-22), (B.25)), we obtain:

- 115 2.6 112 0.3w 2.3 0.07Tw 0.09]as| 2.3 _
ete TA v S 12
==+ = + = —_— - = + —~ + = -10 )
5,pT,T ( AL TR AL T TRL AL AR A2 A4T>
(3.29a)
- 29 45 60  22wrs 1.9 28wy . 34lag|  0.34 ,
prir (2L 20 2 A, 2 V4 2T 27 ) 10712
S.p.TT <Ag TRt TR T Az AR
(3.29b)

Without helicity-suppression, it is the electronic mode that is the most sensitive to these
operators, simply because of the phase-space suppression in the muonic mode. Therefore,
allowing for these interactions typically produces total rates in the lower part of the B efe
BrrT plane, a region which cannot be attained by the New Physics interactions studied
up to now (see figures P and ). Let us further investigate what signals could be expected.

Scalar/pseudoscalar operators: As before, assuming that the Wilson coefficients for
the scalar and pseudoscalar operators contributing to Kj — ¢t¢~ and K; — w0¢+¢~
have approximately the same values, As/, pr =~ Apg, the constraints from K — ptu~
still leave the possibility of sizeable effects. However, now that helicity suppression is no

longer effective, one gets a very tough constraint from K — e*e™. From the measurement
B(Ky —ete™ )™ =9%8.10712 [p7, and since

B(Kp—ete )gp~68-107° <[_\i4 + /‘\%) : (3.30)
S P
one gets Ag/, Apr > 8. For such large values, the effect on both B is of a few percents for
y7a at its SM value, hence well beyond reach. Though AS', pr and Apg can be different in
specific models, the large difference needed to get observable effects on B would require
a somewhat fine-tuned scenario. We can therefore reasonably rule out this possibility.

Tensor /pseudotensor operators: To get a somehow realistic estimate, we bound them
from K™ — 7tvw assuming that the operators (50#Vd)(vo,,v) and (5o d)(vo,,ysv) are
governed by the same scale factors (gnp/Ag 7). Their contribution reads

11
B(K* —ntur)z 441077 (A—4 + A—4> : (3.31)
T A7

and comparing with eq. (B:29) shows that the sensitivities of K — mvv and K, — 70T~
to tensor interactions are similar.

Let us assume that Ap ~ Az, and given the SM prediction of (8.0 £1.1) - 107! [id]
and the current measurement of 14.7‘:515%0 -10~" [&] (V,A currents do not interfere with
tensor operators for massless neutrinos), one finds ATT 2 0.35. Interestingly, for such
small values, the charged lepton modes are quite large, 23 (KL — 7T06+€_) ~3-10710 and
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Figure 5: Impact of helicity-allowed tensor and pseudotensor operators in the Be'e — BHTH

plane of figure H The green area (up to the green dashed line) corresponds to arbitrary yza 7v
together with A 7 compatible with B (KT — nTvp), as explained in the text.

B (KL — 7r0,u+,u_) ~ 2-1071% ie., around their current upper limits eq. (R.15). The
conclusion of this order-of-magnitude estimate is thus that there is still room for large
effects from tensor operators. The corresponding allowed region in the B etem_putu” plane
is shown in figure .

The forward-backward asymmetry: The muonic asymmetry A%, can be enhanced
only by Qs and Qr contributions, as explained in earlier sections, and this through in-
terferences with Mjcpy and M., _g++, respectively, see eq. (B-26). Tuning y7y and the
helicity-allowed 1/AZ term, a maximum of about 60% can be reached. Still, this requires
large contributions from Q7 with both Kj — 7%/~ rates above 1071, With Ap > 1,
this maximum falls to about 30%, i.e. close to the SM value eq. (R.21]).

For the electronic mode, one could think that a small Ag could generate a significant
asymmetry through the helicity-allowed interference with Mj-py,. However, this is not
the case because the impact of Qg on B¢ is then much more pronounced. Tensor
interactions, for their parts, have a small impact on A% 5 because interference effects with
Mo++ are helicity-suppressed.

4. Summary and conclusion

The K; — 7% ¢~ modes offer a unique opportunity to probe a large range of New
Physics AS = 1 effective operators, see table | They are therefore an essential tool in the
investigation of flavor structures beyond the Standard Model. Our work was to analyze,
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Short-distance CP-property Helicity- Helicity-
operator & JPC (176) suppressed  allowed
ICPV (K9-KV) . CPV (1) cq. 2.13)
Two-photon — CPC (0t1) eq. (R.19)
Vector (57,d) (Ev*0) CPV (177) eq. (R.12)
Axial-vector (57,d)(lv"v5¢)  CPV (07T, 1) eq. (R.19)
Pseudoscalar (5d) (Lvs¢) CPV (0~) eq. (B10) eq. (B:29)
Scalar (sd) (€¢) CPC (0t1) eq. (BI3) eq. (B:29)
Tensor (50,0d) (Lo () CPV (177) eq. (B22)  eq. (B:29)
Pseudotensor  (50,,d) (lo"~5() CPC (117) eq. (B.25)  eq. (B.29)

Table 2: Summary of the contributions entering the Kj — 7%/~ rate, and references to the
relevant formulas in the text. The CP-property indicates which of the real or imaginary part of the
respective Wilson coefficient contributes. Interferences occur whenever the #¢ pair is produced in
the same state. ‘Helicity-suppressed/allowed’ refers to the last four operators.

in a model-independent way, the possible experimental signatures of these New Physics
interactions.

In the presence of vector and axial-vector interactions only, the two rates are bounded
in the B¢ ¢ —BH #~ plane (see figure f]), i.c., at 1o,

0.1-107" +0.24B5'5 < BU [T <0.6-1071 + 05885 % . (4.1)

Any signal outside this region is an indication of New Physics FCNC operators of different
structures (baring the possibility of large p — e universality breaking in the V,A currents).
We have identified two possible mechanisms.

The first is from helicity-suppressed (pseudo-)scalar operators, as arising in the MSSM
at large tan 8. These enhance the muonic mode without affecting the electronic mode.
Such interactions would be revealed by measuring the two rates above the V, A region.
Also, comparing with K7 — putu~ shows, model-independently, that the Kj — 7%utpu™ is
more sensitive (besides being cleaner) to these types of interactions (see the yellow region
in figure ).

The second possibility is from helicity-allowed (pseudo-)tensor interactions, which
could arise for example from tree-level leptoquark interactions. Because of the phase-
space suppression, it is now the electronic mode which is more affected. These interactions
would manifest themselves in a signal significantly below the V,A region (see the green
region in figure [ff). Even assuming the presence of similar contributions for the K — wvi
modes, there is at present no severe constraint on these effects.

On the other hand, we found that both helicity-suppressed (pseudo-)tensor interactions
and helicity-allowed (pseudo-)scalar interactions should not lead to observable effects. For
the former, this is so because of significant phase-space suppression, while the latter are
already strongly bounded by the very rare K — eTe™ decay. Also, concerning the electro-
magnetic tensor operator, (50,,d) F'*”, measurements of the K — 7000~ rates cannot
disentangle it from vector operator contributions.
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For the (integrated) forward-backward asymmetry A’ 5, the first reliable estimate has
been obtained. It is typically of a few tens of percents, and can give important information,
complementary to the total rates. In the SM, it could fix the sign of the interference between
the vector operator and ICPV contributions. Similarly, beyond the SM, it can be used to
discriminate among various solutions once both K — 7%¢*¢~ rates are measured. On the
other hand, the electronic asymmetry A% is found either completely dominated by its
(unknown) SM value, or too small to be of any use to constrain either New Physics or ag.

We have not included differential rates or differential asymmetries in the present study
(though they can be trivially computed from our analyses). New physics does affect these
observables, but they require a higher experimental sensitivity, so total rates and integrated
asymmetries are more promising.

With the general expressions for both K — 7%¢1¢~ rates and asymmetries computed
in sections f] and [}, the way is now paved for more model-dependent analyses. In this
context, the Bete _putuT plane remains as a particularly convenient phenomenological
tool to display the correlations among operators specific to a given model.

In conclusion, the Kj — 794t ¢~ system, together with the neutrino modes K — wvw,
has a considerable potential for unveiling/constraining the nature of possible New Physics in
AS =1 FCNC, therefore playing an important role in the quest for a better understanding

of the quark flavor sector.
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A. Constraints on (pseudo-)scalar operators from K; — putpu~

We consider the following effective Hamiltonian:

Gra B _
Hegr = WNQI?A(SWL%CZ) (EVﬂ%f) + 32

GZME, mgmy _ - _ -
= ]\;2 [yp(375d) (€15L) +ys(575d) (£€)] +h.c.
w

(A.1)
In the SM, y%, = yra and yjp’ g are negligible. Our goal is to get an order of magnitude
estimate of the bounds set on y} ¢ by the measured Ky, — ptp™ rate.
Using the matrix element parametrizations
. _ . M?
Ol 5d K (P)) = iV2Fx Py, (05795 K%) = —iV3F—5— | (A.2)

ms"'md

in the same conventions as eq. (B.9), the decay amplitudes (¢1¢~| — Heg|K [ s) and the
total rates can be written as

G4 Mj, Fg M
M (K5 — 0507) = 2P WEE T (A7 6+ BE s ) vpr (A.3)

s
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Gy My Fi M} 2 2
D (Kps — 0F07) = ZE00 R0 1 4 ((1 —arf)|ALs| +|BLs > . (A

with Ag, By, (A, Bs) the CP-conserving (CP-violating) pieces given by

{ _ M_IQ( / { M_IQ( I s 2 / l
Ap = —-ilmyg, By = Reyp (27rsm HW) (Re ()\tym) —i—Re)\cyC) +A

L ’
My, M3, m
(A.5)
M?2 P ' M?2
A = M—é( Reys + Ay, Bs = M—gilm yp — (2msin® O ) i Im (Mg y) - (A.6)
w w

The c-quark contribution is negligible for Kg — p*pu~, while for K; — pu™p~, it has
been computed recently to NNLO giving y. = (—2.040.3) - 107* [EJ]. Indirect CPV

contributions are understood, M (K, g — {147 )jopy = eM (K12 — £747).

l

The two-photon term A is given in [[[J in terms of the two-loop form-factor of

(1) v
eq. :
2 F
m (6% G8 T 2 2 2 4 .
Ay, = —2%472 (1=r3)Z(r},r2) =210-107"(-2.821 +i1.216) . (A7)

¢
Ly
evaluate. Anyway, following the analysis of ref. [[l], one can get the conservative estimate

For K7, the situation is less clear as the dispersive part of A is notoriously difficult to

4m3a2, T(K
o \/ oz, (KL — 77) (Xdisp + iXabs) = £1.98 - 1074((0.71 + 0.15 + 1.0) — i5.21).

b =\t igari g
(A.8)
The sign of this contribution depends on the sign of the K — ~v amplitude [[i], itself
depending on the sign of an unknown low-energy constant (see [R]).
To get an order-of-magnitude estimate of the coefficients, we allow for both signs in
the K; — pp~ branching ratio

B (Kp — p ™) = (6.7+ (0.08Tmyf)® + (0.10Reyp + 1lypy — 0.2404743)%) - 107,
(A.9)
and reflect only the error on xqisp- Then, imposing the rate to be within 3o of the experi-
mental value B (K — pup™ ) = (6.87 £0.12) - 1079 [RJ] corresponds to [Imy%| < 8 and
|Reyp| < 35 for the SM value 35, = —0.68. Relaxing this latter constraint to |y} ,| < 3
corresponds to |Rey’s| < 70, much larger since the two interfere in the rate.
For Kg — ptp~, the experimental bound B (Ks — putp™)"P < 3.2-1077 is still very
far from the predicted rate of about 4-10712 in the SM. Taking [Rey%|, [Imy}| < 50 cannot
enhance the branching ratio beyond B (Ks — putp~) < 10719,

Finally, for completeness, the longitudinal muon polarization in Kj — ptpu~ is ex-

pressed as [[3]
2,/1—4r2Im (BY*AY)
- - Le (A.10)

Pr = .
YT (w2 | AL+ (B
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In the SM, this quantity is entirely driven by the indirect CP-violating contribution, pro-
portional to ¢, and is thus rather small, |Py| ~ 2 x 1073 [IJ]. Including the scalar and
pseudoscalar currents, we find that for [Rey’s|, |Imyp| < 75, only a 10% deviation of Py,
from its SM value can be generated. On the other hand, |Rey%| < 75 can enhance |Pr| up
to about 1072, while for Imyj| < 8, |Pr| can be as large as 8%. It is indeed this latter
parameter which is the most important since it does not require any e factor. This makes
P;, particularly sensitive to the presence of new CP-violating sources in the scalar operator
(as discussed e.g. in [i4]). Unfortunately, a percent level measurement of Py, in the medium
term is unlikely, and the K — 7%u% ™ total rate is more promising to get a signal or set

limits on these New Physics interactions.

B. Numerical representation of the two-loop form factor

In refs. [[[9, f], the two-loop form-factor is expressed as a complicated three-dimensional
integral. For practical purposes, the following numerical representations can be used in-

stead:

z(ﬁ ﬁ) [ Xaf 033 -2, 0< 2 <0315,
2’z Zz:obi(z—().?)())ikm, 0315<2506,
z 2 — k T

k=0
with
k ag b cf
0 10.65 —i17.24 54.76 — i23.60 —26.069 — i3.6914
1 —6.964 + 113.31 —53.89 — 137.02 92.05 4 ¢0.9337
2 1.312 —42.521 6.832 +124.74 —122.03 + ¢8.3238
3 —0.6045 + 0.3762 0.942 — ¢5.509 76.611 — 48.2021
4 0.113 —40.0381 —0.265 + 70.5508 —23.325 + 3.0351
5 —0.0069 4+ ¢0.00186  0.0154 — i0.0206  2.7774 — 70.4036
k a’,: bZ CZ
0 —8.5486 — 10.9184 —5.0369 — ¢1.4840 —9.6037 + ¢3.7637
1 9.3942 — i0.4070 2.8237 + i2.9981 26.408 — 714.04
2 —3.6104 4 ¢0.8098 —1.2503 — 70.7132 —28.934 +419.15
3 0.7102 —40.1910 0.3303 + 0.1108 16.159 —¢12.15
4 —0.0696 + ¢0.0181 —0.0412 — 70.0100 —4.5365 + ¢3.715
5 0.00269 — ¢0.000577 0.00194 + ¢0.000389  0.5087 — 70.4428

Using this parametrization, one can reproduce the rates and asymmetries typically with an
error of about one percent, which is more than sufficient given the size of the theoretical

uncertainty on the af (z) distributions.
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